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We consider an optical fiber with nanoscale variation of the effective fiber radius supporting whispering gallery
modes slowly propagating along the fiber, and reveal that the radius variation can be designed to support
reflectionless propagation of these modes. We show that reflectionless modulations can realize control of
transmission amplitude and temporal delay, while enabling close packing due to the absence of cross-talk, in
contrast to conventional potentials.
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For the past few decades, research and development
in photonic integrated circuits has been concentrated on
building a platform with miniature dimensions, flexibil-
ity, and control needed to deliver breakthrough capabil-
ities in optical computing, communications, and funda-
mental science. Optical microresonators are indispens-
able part of such platforms. They have demonstrated
great promise as fundamental elements for a variety of
applications in photonics and can be implemented for
such diverse applications as lasers, amplifiers, sensors,
and switchers [1].
Two basic platforms for fabrication of photonic cir-
cuits with micron-scale elements have been developed:
the ring resonator platform [2–5] and the platform based
on photonic crystals [6]. With the advances in litho-
graphic technology and design methods, these two plat-
forms have steadily increased in complexity, achieved
lower loss, and broadened functional capability. How-
ever, despite the remarkable accomplishments, the ex-
isting platforms still face a severe limitation: it is
very difficult to fabricate photonic circuits simultane-
ously possessing microscopic dimensions and ultra-small
losses [5, 7].
An alternative Surface Nanoscale Axial Photonic
(SNAP) platform, which combines benefits of micro-
scopic dimensions and ultra-low loss has been proposed
in Refs. [8, 9]. This platform based on an optical fiber
with introduced nanoscale modulation of an effective
fiber radius (SNAP fiber) including variation of a ma-
terial refractive index [10] and/or a fiber radius [8].
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This SNAP fiber supports Whispering Gallery Modes
(WGMs) circulating near the surface of the fiber and
slowly propagating in the axial direction. Such structure
can be considered as a chain of coupled microresonators,
which can be close packed to each other allowing precise
control of light. The SNAP fiber is coupled to a trans-
verse microfiber, which serves as a source of the WGMs
and for detection of transmitted signal. It has recently
been shown that this platform can be used for realisa-
tion of high-Q factor (intrinsic loss down to 0.44 dB/ns)
dispersionless multinanosecond light traps [11].
In this work, we suggest and demonstrate through nu-
merical simulations that the effective fiber radius varia-
tion can be designed in a special way to realize so-called
reflectionless potentials [12]. Such modulations trans-
mit all waves with no reflection, which can be used to
introduce pure phase advancement with no amplitude
change of the WGMs. On the other hand, reflectionless
modulations only very weakly affect the optical response
at nearby locations, enabling dense packing in contrast
to the significant cross-talk associated with ordinary po-
tentials.
We consider a SNAP fiber coupled to a microfiber
schematically shown in Fig. 1. The microfiber here is a
tapered fiber with a micron-scale diameter waist. The
microfiber is coupled to the SNAP fiber at a position
z1 and due to an evanescent interaction excites WGMs
slowly propagating in the axial direction of the SNAP
fiber.
A field distribution of WGMs, adiabatically propa-
gating along z-axis of the SNAP fiber can be decom-
posed into two parts: axial Ψ and radial Ξ as follows:
U(r) = Ψ(z)Ξ(ρ, ϕ), where (z, ρ, ϕ) are the cylindri-
2Fig. 1. Scheme of a SNAP fiber coupled to a microfiber.
The microfiber serves as an input and output waveguide and
is coupled to the SNAP fiber at position z1. Axial and ra-
dial intensity distribution is also presented for λ=λ0+0.2pm
and z1 = −50µm for the reflectionless potential V (z) defined
by Eq.(4).
cal coordinates [8]. Here the function Ψ(z) determines
light transmission through the microfiber and satisfies a
one-dimensional Schro¨dinger like equation with poten-
tial V (z), which profile is directly determined by the
nanoscale variation of the effective fiber radius reff(z) ∼
r(z)n(z), where r(z) is a fiber radius and n(z) is medium
refractive index. The governing equation for the axial
field component is [8]:
∂2Ψ
∂z2
+ [E(λ) − V (z) +Dδ(z − z1)] Ψ
+2ik2
γ
λ0
Ψ = Cδ(z − z1), (1)
where E(λ) = −2k2(λ − λ0)/λ0 is an effective energy,
λ is laser wavelength in vacuum, λ0 is a resonant wave-
length of the SNAP fiber, k = 2pin0/λ0 is a propaga-
tion constant of light in the optical medium, n0 is a
fiber refractive index, V (z) = −2k2∆reff(z)/reff(z) =
−2k2(∆r(z)/r0 +∆n(z)/n0) is a potential, ∆n(z) is re-
fractive index modulation in SNAP, γ is an attenuation
parameter, z1 is the microfiber position, C is a coupling
parameter corresponding to energy inflow through the
microfiber, and D determines a phase shift due to the
coupling to the microfiber as well as a radiation loss
through the microfiber. Since the microfiber diameter
waist is much smaller then characteristic axial wave-
length (1µm vs. 10µm), the coupling between the mi-
crofiber and the SNAP fiber is modeled by means of
Dirac delta function. Note that Eq. (1) is valid for an
adiabatically slow variation of the fiber radius [13], and
we consider this situation in the present work.
The transmission amplitude S(λ) (Fig. 1) can be ex-
pressed through the Green’s function G(λ, z, z1) of the
left hand side of Eq. (1) with D = 0 as follows [8],
S(λ) = S0 − i|C|
2G(λ, z1, z1)
1 +DG(λ, z1, z1)
, (2)
where S0 is a non-resonant component of the trans-
mission amplitude. All parameters, S, D, and C are
slow functions of the wavelength and can be considered
as constants in the vicinity of the resonant wavelength
λ0 [8].
Another important feature of a SNAP device is that it
provides an opportunity to arrange a multi-nanoseconds
dispersionless time delay of a propagating signal [11].
The time delay is determined as follows:
τ(λ, z1) =
λ2
2pic
Im
(
∂ lnS(λ, z1)
∂λ
)
. (3)
Thus, we are able to determine the light transmission
amplitude through the microfiber for any arbitrary po-
tential V (z). In the present paper we suggest to use
reflectionless potentials which posses nontrivial trans-
mission properties.
An idea of reflectionless potentials was originally in-
troduced in Ref. [12], where an important problem to
construct potentials which are fully transparent for elec-
tromagnetic waves was addressed. Particularly, the po-
tential of the form
V (z) = Vref(z) ≡ −2α sech2[√α1z], (4)
is reflectionless if a depth of the potential well, α, is equal
to an inverse width of the potential well, α1. Next, we
construct a Green’s function for this particular potential.
For localized potentials, such that V (z) → 0 at
z → ±∞, the Green’s function can be constructed
as G(z, z1) = A(z1)Ψ+(z) for z ≥ z1 and G(z, z1) =
B(z1)Ψ−(z) for z ≤ z1. The functions Ψ±(z) are solu-
tions for the waves propagating away from the microfiber
position, accordingly Ψ±(z) = e
±i
√
E˜(λ)z at z → ±∞.
Here E˜(λ) ≡ E(λ) + 2ik2γ/λ0 and square root of E˜(λ)
is chosen in the first quarter. To determine the coef-
ficients A and B we use the continuity and the con-
dition for a jump of a derivative of the Green’s func-
tion at the point z = z1: A(z1)Ψ+(z1) = B(z1)Ψ−(z1)
and A(z1)Ψ
′
+(z1) − B(z1)Ψ′−(z1) = 1, respectively. Fi-
nally, the expression for the Green’s function at the point
z = z1 is found as
G(z1, z1) =
Ψ+(z1)Ψ−(z1)
Ψ′+(z1)Ψ−(z1)−Ψ′−(z1)Ψ+(z1)
. (5)
Next, we analyze a behavior of the Green’s function
far away from the potential inhomogeneity (well), for
concreteness for z ≥ z0 > 0, where V (z) ≃ 0. The
solutions can be taken as{
Ψ+(z) ≈ ei
√
E˜(λ)z ,
Ψ−(z) ≈ Rei
√
E˜(λ)z + e−i
√
E˜(λ)z,
for z > z0. (6)
Here R is a complex reflection coefficient, which value is
defined by scattering from the potential such that Ψ−(z)
3satisfies the asymptotic condition at z → −∞. The co-
efficient can be written as R ≡ |R|eiϕ with real phase ϕ.
Substituting Eq.(6) into Eq. (5) we obtain
G(λ, z1, z1) = −i
|R| exp(iϕ+ 2i
√
E˜(λ)z1) + 1
2
√
E˜(λ)
, (7)
and accordingly
|G(λ, z1, z1)|2 = 1
4|E˜(λ)|
(
|R|2e−4Im
[√
E˜(λ)
]
z1 + 1
+2|R|e−2Im
[√
E˜(λ)
]
z1 cos(ϕ+ 2Re
[√
E˜(λ)
]
z1)
)
.(8)
It follows from the relation above that if Re
√
E˜(λ) ≫
Im
√
E˜(λ), then there appears a periodic modulation of
the transmission amplitude S in z1 direction with the
period
T = pi/Re
√
E˜(λ). (9)
Note that for reflectionless potentials R = 0, thus the
Green’s function is non-periodic, as follows from Eq. (8).
For the reflectionless potential we obtain an analytical
expression for the Green’s function using exact solutions
of left hand side of Eq. (1) for D = 0 with potential (4)
derived in [12] for a conservative case, γ = 0:
Ψ± =
±i
√
E˜(λ)−√α tanh√αz
√
α± i
√
E˜(λ)
e±i
√
E˜(λ)z. (10)
It is remarkable that these solutions are still valid for the
system with losses, γ 6= 0. Thus, the Green’s function
for reflectionless potential at the point z = z1 is
G(λ, z1, z1) =
E˜(λ) + α tanh2(
√
αz1)
2i
√
E˜(λ)(α− E˜(λ))
. (11)
This function is non-periodic, in agreement with the dis-
cussion above.
We now compare the transmission characteristics of
SNAP devices based on reflectionless potentials with
conventional ones of the same width and different depth,
V (z) = Vcon(z) ≡ −4
3
α sech2[
√
α1z]. (12)
For the introduced potentials we determine the trans-
mission amplitude S(λ), changing a position of the mi-
crofiber along the SNAP fiber, z1, as well as varying
the wavelength of the input signal around the resonant
value λ0. We use here the following parameter values [8]:
λ0 = 1.5µm, γ = 0.1pm, n0 = 1.5, |C|2 = 2 × 104/m.
We choose α = α1 = 0.01µm
−2 which corresponds to a
2.53nm variation of the fiber radius under assumption
Fig. 2. Transmission through the SNAP device based on
(a,c,e) reflectionless potential Vref(z) (4) and (b,d,f) conven-
tional one Vcon(z) (12). Shown are (a,b) the potential pro-
files, (c,d) transmission amplitude, |S|2, and (e,f) the time
delay, τ , vs. a microfiber position z1 along the SNAP fiber
and wavelength deviation around λ0. In panel (d) dashed
lines indicate a modulation period (≃ 133µm) of the trans-
mission amplitude for λ− λ0 = −10pm.
of a constant refractive index. We consider a case of
lossless coupling between the SNAP fiber and the mi-
crofiber, which also does not cause the phase shift of the
input light [8]. We checked that the observed effect re-
mains for a lossy coupling as well (when D 6= i|C|2/2).
Thus, we put D = i|C|2/2 which leads to S0 = 1. Fig. 2
shows the transmission amplitude S for the SNAP fibers
described by reflectionless potential and conventional
one. In panels (a-b) the shapes of the potentials are
presented, panels (c-d) correspond to the transmission
amplitude |S(λ)|2, while (e-d) show the time delay τ .
The transmission amplitude and time delay are calcu-
lated by means of Eqs. (2),(3). For the reflectionless po-
tentials Vref(z) defined by Eq. (4) we use Eq. (11), while
for the conventional one, Vcon(z), the Green’s function
is constructed numerically using Eq. (5).
We observe in Fig. 2 that the reflectionless potential
only locally affects the transmission amplitude |S|2, as
well as the time delay τ , whilst the conventional poten-
tial has an effect far away from the well, resulting in
periodical variations of the transmission amplitude. For
4example, at the wavelength λ = λ0 − 10pm we have
Re
√
E˜(λ) ≈ 23000≫ Im
√
E˜(λ) ≈ 115, and the period
according to Eq. (9) is T = 137µm, which agrees with
numerical results in Fig. 2(d).
Fig. 3. The same as in Fig. 2, but for the potentials deter-
mined by (a,c,e) Eq. (13) and (b,d,f) (14).
We can furthermore construct composite reflectionless
potentials satisfying particular requirements. As an ex-
ample, we consider a superposition of the reflectionless
potential wells of the form
Vmr(z) ≡ −2
2∑
j=−2
αj sech
2[
√
αj(z + δj)], (13)
with δj = {−150, −50, 35, 230} µm and αj =
{0.8, 0.4, 1, 1.2}×10−2 µm−2. This potential is a close
packing of the single well reflectionless potentials, so we
expect that such potential will also exhibit the reflec-
tionless property. We compare this multi-well potential
with conventional one of the form
Vmc(z) ≡ 2
3
Vmr(z). (14)
We present the transmission amplitude S(λ) and time
delay τ for potentials Vmr and Vmc in Fig. 3. We use
the same parameter values as in the case of single well
potentials. From the obtained results it follows that
the potential Vmr remains reflectionless, while for Vmc
a strong coupling between the wells is observed, which
also causes the modulation of the transmission ampli-
tude vs. the microfiber position.
In summary, we have considered a potential possess-
ing the nontrivial property - that of nonreflection. We
have obtained the analytical expression for the trans-
mission amplitude S(λ) through the microfiber coupled
to the SNAP fiber. We have demonstrated a qualitative
difference in light transmission for the reflectionless case
compared to the generic one. Consideration of SNAP
resonators utilizing complex types of reflectionless po-
tentials is a promising direction for further investigation.
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